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Imaginary potential in strongly coupled N = 4 SYM plasma in a magnetic field
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We study the effect of a constant magnetic field on the imaginary part of a quarkonia potential
in a strongly-coupled N = 4 SYM plasma. We consider the pair axis to be aligned perpendicularly
and parallel to the magnetic field, respectively. For both cases, we find that the presence of the
magnetic field tends to enhance the imaginary potential thus decreasing the the thermal width. In
addition, the magnetic field has a stronger effect on the imaginary potential when the pair axis is
perpendicular to the magnetic field rather than parallel.
PACS numbers: 12.38.Mh, 11.25.Tq, 11.15.Tk
I. INTRODUCTION
The heavy ion collisions at RHIC and LHC have produced a new state of matter so-called quark gluon plasma
(QGP) [1–3]. One experimental signal for QGP formation is dissociation of quarkonia . It was suggested earlier that
the main mechanism responsible for this suppression is color screening [4]. But recently some authors argued that the
imaginary part of the potential, ImVQQ, may be a more important reason than screening [5–8]. Subsequently, this
quantity has been studied in weakly coupled theories, see e.g. [9–12]. However, much experiment data indicates that
QGP is strongly coupled [3], so it would be interesting to study the imaginary potential in strongly coupled theories
with the aid of nonpetubative methods. Such methods are now available via the AdS/CFT correspondence [13–15].
AdS/CFT, the duality between a string theory in AdS space and a conformal field theory in the physical space-
time, has yielded many important insights for studying different aspects of QGP [16]. In this approach, Noronha
and Dumitru have studied the imaginary potential of quarkonia for N = 4 SYM theory in their seminal work [17].
Therein, the ImVQQ is related to the effect of thermal fluctuations due to the interactions between the heavy quarks
and the medium. After [17], there were many attempts to address ImVQQ in this direction, for instance, the ImVQQ
of static quarkonia is studied in [18, 19]. The effect of velocity on ImVQQ is discussed in [20, 21]. The finite ’t Hooft
coupling corrections on ImVQQ is analyzed in [22]. The influence of chemical potential on ImVQQ is investigated in
[23]. For study of ImVQQ in some AdS/QCD models, see [24, 25]. Moreover, there are other ways to study ImVQQ
from AdS/CFT, see [26, 27].
Recently, there are various observables or quantities that have been studied in strongly coupled N = 4 SYM plasma
under the influence of a magnetic field, such as entropy density [28], conductivity [29], shear viscosity to entropy
density ratio [30], heavy quark potential [31], drag force [32] and jet quenching parameter [33]. Motivated by this, in
this paper we study the effect of a constant magnetic field on the imaginary part of heavy quarkonia potential in a
strongly-coupled N = 4 SYM plasma. Specifically, we would like to see how a constant magnetic field affects ImVQQ
in this case. This is the purpose of the present work.
The rest of the paper is as follows. In the next section, we briefly review the background metric in the presence of
a magnetic field given in [28]. In section 3, we introduce the numerical procedure and show some numerical solutions.
In section 4, we study the effect of a magnetic field on the imaginary potential for the pair axis to be aligned
perpendicularly and parallel to the magnetic field, in turn. The last part is devoted to conclusion and discussion.
II. MAGNETIC BRANE BACKGROUND
Let us begin with a briefly review of the holographic dual of N = 4 SYM theory in the presence of a magnetic
field [28]. The holographic model is Einstein gravity coupled with a Maxwell field, corresponding to strongly coupled
N = 4 SYM subjected to a constant and homogenous magnetic field. The bulk action is given by
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2S =
1
16piG5
∫
d5x
√−g(R + 12
L2
− F 2) + Sbody, (1)
where G5 denotes the 5-dimensional gravitational constant, L stands for the radius of the asymptotic AdS5 spacetime.
F refers to the Maxwell field strength 2-form. The boundary term Sbody contains the Chern-Simons terms, Gibbons-
Hawking terms and other contributions necessary for a well posed variational principle, but all of them do not affect
the solutions considered here [28].
The equations of motion obtained from (1) are
Rµν +
4
L2
gµν +
1
3
FρσF
ρσgµν − 2FµρF ρν = 0, (2)
and the Maxwell’s field equations
∇µFµν = 0. (3)
For simplicity, we set L = 1 from now on. Then a general ansatz for the magnetic brane geometry can be written
as
ds2 = −H(r)dt2 + e2P (r)(dx2 + dy2) + e2K(r)dz2 + dr
2
H(r)
, (4)
with
F = Bdx ∧ dy, (5)
where the boundary is located at r =∞ and the horizon is located at r = rh with H(rh) = 0. The constant B stands
for the bulk magnetic field, oriented along the z direction. Also, H(r), P (r) and K(r) can be determined by solving
the equations of motion.
From (4), the equations of motion read
H(P ′′ −K ′′) + (H ′ +H(2P ′ +K ′))(P ′ −K ′) = −2B2e−4P , (6)
2P ′′ +K ′′ + 2(P ′)2 + (K ′)2 = 0, (7)
1
2
H ′′ +
1
2
H ′(2P ′ +K ′) = 4 +
2
3
B2e−4P , (8)
2H ′P ′ +H ′K ′ + 2H(P ′)2 + 4HP ′K ′ = 12− 2B2e−4P , (9)
where H ≡ H(r), P ≡ P (r), K ≡ K(r) and the derivations are with respect to r. For the above equations, one can
check that with B = 0, the solution reduces to that of AdS5, represented by H = e
2P = e2K = r2. While for non-zero
B, one finds an exact solution in the asymptotic IR regime, represents the product of a BTZ black hole times a two
dimensional tours T 2 in the spatial directions orthogonal to the magnetic field (the x, y directions are compact), as
ds2 = −3(r2 − r2h)dt2 +
B√
3
(dx2 + dy2) + 3r2dz2 +
dr2
3(r2 − r2h)
. (10)
It should be noticed that the metric (10) is valid only near the horizon (r ∼ rh), where the scale is much smaller
than the magnetic field, r ≪ √B/3, and recently some authors have used it to study the effect of a strong magnetic
field on the drag force [32] and jet quenching parameter [33].
However, when discuss the effect of a general magnetic field, not restricted to a strong magnetic field (or in the IR
regime), one should use a solution that interpolates between (10) at small r and AdS5 at large r. As discussed in
[28], this represents an RG flow between a D = 3 + 1 CFT in the infrared and a D = 1 + 1 CFT in the ultraviolet.
Unfortunately, no analytic solution can be found in this case. Therefore, one needs to turn to numerical methods. In
the next section, we will follow the argument in [28] to present the numerical procedure.
3III. NUMERICAL SOLUTIONS
To begin with, we derive some useful equations. After eliminating the B2e−4P terms in (6)−(9), we have
3H ′′ + 5(K ′ + 2P ′)H ′ + 4(P ′
2
+ 2P ′K ′)H − 48 = 0, (11)
3HP ′′ + 2HP ′
2 −H ′P ′ − 5HP ′K ′ + 12− 2H ′K ′ = 0, (12)
3HK ′′ + 3HK ′
2
+ 4H ′K ′ + 10HP ′K ′ + 2HP ′
2
+ 2H ′P ′ − 24 = 0, (13)
before solving the above equations, it is convenient to rescale the radial coordinates as follows [28]: First, we rescale
t and r as r → r¯ and t→ t¯, and fix the horizon at r¯h = 1, so that
H(1) = 0, H ′(1) = 1. (14)
In this case, the Hawking temperature is given by
T =
√−g′
t¯t¯
gr¯r¯′
4pi
∣∣
r¯=1
=
1
4pi
. (15)
Also, we rescale x, y, z coordinates as
P (1) = K(1) = 0, P ′(1) = 4− b
2
3
, K ′(1) = 4 +
b2
6
, (16)
where b refers to the value of the magnetic field in the rescaled coordinates. Note that the second equation in
(16) implies that, if one takes b > 2
√
3, the term P ′(1) will be negative, indicating that the geometry will not be
asymptotically AdS5. Therefore, we take 0 ≤ b < 2
√
3 here.
On the other hand, the geometry has the asymptotic behavior as r¯→∞, so that
H(r¯)→ r¯2, e2P (r¯) → m(b)r¯2, e2K(r¯) → p(b)r¯2, (17)
where m(b) and p(b) are rescaling parameters which can be obtained numerically. In addition, the physical magnetic
field B can be written as
B =
√
3
b
m(b)
. (18)
In fact, one can also derive the interval of b from Eq.(18). One can numerically check that m(b) is a decreasing
function of b and m(b → 2√3)→ 0 (see the left panel of fig.1). Thus, b ∈ [0, 2√3) leads to B ∈ [0,∞). Namely, one
can cover in practice all values of B for 0 ≤ b < 2√3. Here it should be noticed that the actual B is immaterial, due to
the presence of any other scale in the theory besides it. However, when switching on the temperature, this situation
changes. In that case, one finds a new dimensionless scale given by B/T 2 [31]. Therefore, one can tune the anisotropy
in the imaginary potential by varying the value of the magnetic field.
Now we are ready to numerically solve the equations (11)−(13). For simplicity, we delete from now on the bars in
the rescaled coordinates. The numerical procedures are as follows:
1). Choosing a value of b, one solves the coupled equations (11)−(13) with the conditions (14) and (16).
2). Fitting the asymptotic data for e2P (r) → m(b)r2 and e2K(r) → p(b)r2, one gets the values of m(b) and p(b).
Meanwhile, the value of B is determined.
3). To go back to the original coordinates, one sets (e2P (r), e2K(r)) → (e2P (r)/m(b), e2K(r)/p(b)), after this, the
numerical solutions can be obtained.
4). Likewise, one can discuss other cases by varying the value of b.
Here we present some numerical solutions. In the left panel of fig.1, we plotm(b), p(b) versus b, and we have checked
that it matches the fig.1 in [30]. Also, in the right panel of fig.1, we plot lnH(r), K(r), P (r) versus r for b = 2.7, and
we find that it is completely consistent with the fig.3 in [31].
IV. IMAGINARY POTENTIAL
Now we investigate the ImVQQ of a heavy quarkonia for the background metric (4). Generally, to analyze the effect
of a magnetic field, one needs to consider different orientations for the pair axis with respect to the magnetic field,
i.e., transverse (θ = pi/2), parallel (θ = 0), and arbitrary direction (θ). In this work, we study two extreme cases:
θ = pi/2 and θ = 0.
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FIG. 1: Left: p(b) (dash curve) and m(b) (solid curve) versus b. Right: lnH(r) (solid curve), K(r) (dash curve) and P (r) (dot
curve) versus r for b = 2.7.
A. Transverse to the magnetic field (θ = pi/2)
Considering the QQ¯ axis perpendicularly to the magnetic field in the x direction, the coordinates are parameterized
as
t = τ, x = σ, y = 0, z = 0, r = r(σ), (19)
where the quark and anti-quark are located at x = −D2 and x = D2 , respectively. Here D is the inter-distance of QQ¯.
The configuration of the string world-sheet is presented in fig.2.
To proceed, the string action is given by
S = − 1
2piα′
∫
dτdσL = − 1
2piα′
∫
dτdσ
√−g, (20)
with g the determinant of the induced metric and
gαβ = gµν
∂Xµ
∂σα
∂Xν
∂σβ
, (21)
where gµν and X
µ represent the metric and target space coordinates, respectively. The parameter α′ is related to ’t
Hooft coupling as 1/α′ =
√
λ.
Substituting (19) into (4), the induced metric becomes
g00 = H(r), g01 = g10 = 0, g11 = e
2P (r) +
1
H(r)
(
dr
dσ
)2. (22)
Then one can identify the lagrangian density as
L =
√
H(r)e2P (r) + (
dr
dσ
)2, (23)
Notice that the action does not depend on σ explicitly, so L satisfies
L− ∂L
∂( dr
dσ
)
dr
dσ
=
H(r)e2P (r)√
H(r)e2P (r) + ( dr
dσ
)2
= constant. (24)
Imposing the boundary condition at σ = 0 (the deepest point of the U-shaped string),
dr
dσ
= 0, r = r∗, (25)
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FIG. 2: The configuration of the string world-sheet.
one finds
dr
dσ
=
√
a2(r)− a(r)a(r∗)
a(r∗)
, (26)
with
a(r) = H(r)e2P (r), a(r∗) = H(r∗)e
2P (r∗). (27)
Integrating (26), the inter-distance of QQ¯ reads
D = 2
∫ ∞
r∗
dr
dσ
dr
= 2
∫ ∞
r∗
dr
√
a(r∗)
a2(r) − a(r)a(r∗) . (28)
Substituting (26) into (20), the action for the quark pair is obtained as
S =
T
piα′
∫ ∞
rh
dr
√
a(r)
a(r)− a(r∗) , (29)
note that this action contains the self-energy contributions from the free QQ¯ pair which, themselves, are divergent.
To obtain the QQ¯ interaction potential (or the quark potential), one needs to cure this divergence by subtracting
from S the action S0 of a free QQ¯ pair [34–36], given by
S0 =
T
piα′
∫ ∞
rh
dr
√
gttgrr =
T
piα′
∫ ∞
rh
dr. (30)
As a result, the heavy quark potential is found to be
VQQ¯ =
S − S0
T =
1
piα′
∫ ∞
r∗
dr[
√
a(r)
a(r) − a(r∗) − 1]−
1
piα′
∫ r∗
rh
dr, (31)
actually, this quantity has been studied for the background metric (4) in [31], and the results show that the presence
of a magnetic field increases the heavy quark potential or weakens the attraction between the heavy quarks.
To proceed, we study the imaginary potential by using the thermal worldsheet fluctuation method [17, 18]. To
extract ImVQQ, one considers the effect of thermal world sheet fluctuations δr(x) around the classical configurations
rc(x),
r(x) = rc(x)→ r(x) = rc(x) + δr(x), (32)
where the boundary condition is δr(±D/2) = 0. Note that rc(x) solves δSNG = 0. For the sake of simplicity, δr(x) is
taken to be of arbitrarily long wavelength, i.e., dδr(x)
dx
→ 0. In other words, the fluctuations at each string point are
6r¡œ ¡r
*
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FIG. 3: The effect of thermal fluctuations (dashed line) around the classical configuration (solid line). If r∗ is close enough to
rh, the fluctuations of very long wavelength may reach the horizon.
independent functions if one considers the long wavelength limit. The physical picture of the thermal fluctuations is
shown in fig.3.
Then the string partition function that takes into account the fluctuations can be written as
Zstr ∼
∫
Dδr(x)eiSNG(rc(x)+δr(x)). (33)
By dividing the interval −D/2 < X < D/2 into 2N points xj = j∆(x) with j = −N,−N + 1, ..., N and ∆x ≡
D/(2N), one finds
Zstr ∼ lim
N→∞
∫
d[δr(x−N )] · · · d[δr(xN )]exp[ iT ∆x
2piα′
∑
j
√
(r′j)
2 + a(rj)], (34)
where rj ≡ r(xj) and r′j ≡ r′(xj). The thermal fluctuations are more important around x = 0, where r = r∗.
Therefore, it is reasonable to expand rc(xj) around x = 0, keeping only terms up to second order in xj ,
rc(xj) ≈ r∗ +
x2j
2
r′′c (0), (35)
where we have used the relation r′c(0) = 0.
Also, the expansion for a(rj), keeping only terms up to second order in x
m
j δrn, reads
a(rj) ≈ a∗ + δra′∗ + r′′c (0)a′∗
x2j
2
+
δr2
2
a′′∗ , (36)
where a∗ ≡ a(r∗), a′∗ ≡ a′(r∗), etc. Thus, the exponent in (34) can be approximated as
SNGj =
T ∆x
2piα′
√
C1x2j + C2, (37)
with
C1 =
r′′c (0)
2
[2r′′c (0) + a
′
∗], C2 = a∗ + δra
′
∗ +
δr2
2
a′′∗ . (38)
If the function in the square root of (37) is negative, SNGj will contribute to an imaginary potential. The relevant
region of the fluctuations is the one between δr that yields a vanishing argument in the square root of (37). So, one
can isolate the j−th contribution as
Ij ≡
∫ δrjmax
δrjmin
d(δrj)exp[
iT ∆x
2piα′
√
C1x2j + C2], (39)
7where δrjmin and δrjmax are the roots of C1x
2
j + C2 in δr.
The integral in (39) can be calculated by using the saddle point method for α′ << 1 (the classical gravity approxi-
mation). The exponent has a stationary point when the function
D(δrj) ≡ C1x2j + C2(δrj), (40)
assumes an extremal value, and this happens for
δr = −a
′
∗
a′′∗
. (41)
It is required that the square root has an imaginary part, results in
D(δrj) < 0→ −xc < xj < xc, (42)
with
xc =
√
1
C1
(
a′2∗
2a′′∗
− a∗). (43)
One takes xc = 0 if the square root in (43) is not real. With these conditions, one can approximate Dδ(r) by
D(− a′∗
a′′
∗
) in (39)
Ij ∼ exp[ iT ∆x
2piα′
√
C1x2j + a∗ −
a′2∗
2a′′∗
]. (44)
As the total contribution to the imaginary part comes from ΠjIj , one finds
ImVQQ¯ = −
1
2piα′
∫
|x|<xc
dx
√
−x2C1 − a∗ + a
′2
∗
2a′′∗
. (45)
Integrating (45), one ends up with the imaginary potential for the transverse case as
ImVQQ¯ = −
1
2
√
2α′
(
a′∗
2a′′∗
− a∗
a′∗
). (46)
Actually, there are several restrictions on Eq.(46) [20]. First, the imaginary potential should be negative, so that
a′∗
2a′′∗
− a∗
a′∗
> 0, (47)
with
a′∗ = e
2P∗(H ′∗ + 2H∗P
′
∗), (48)
a′′∗ = e
2P∗(H ′′∗ + 4H
′
∗P
′
∗ + 4H∗P
′
∗P
′
∗ + 2H∗P
′′
∗ ), (49)
which leads to
ε > εmin, (50)
with ε = 1/(4r∗ − 3).
The second restriction is related to the maximum value of DTmax. To address this, we present DT versus ε for
some choices of b in the left panel of fig.4. One can see that in each plot there exists a maximum value of DTmax.
As stated in [20], DTmax indicates the limit of the saddle point approximation: to go to higher DT , there are other
string configurations that may contribute to the calculation of the Wilson loops besides the semiclassical U-shaped
string configuration [37], implying that one cannot calculate the imaginary potential in this case. On the other hand,
we need to take ε < εmax, where εmax is the maximum value of ε for which the connected contribution is valid. Thus,
the domain of applicability of Eq.(46) is εmin < ε < εmax.
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FIG. 4: Left: DT versus ε for θ = pi/2. From top to bottom b = 0, 1, 2, 3, respectively. Right: ImV/(
√
λT ) versus DT for
θ = pi/2. From right to left b = 0, 1, 2, 3, respectively.
Let us discuss results. First, we study the effect of the magnetic field on the inter-distance. From the left panel of
fig.4, one can see clearly that increasing b leads to decreasing DT . Namely, the inclusion of a magnetic field decreases
the inter-distance, consistently with the findings of [31].
Next, we analyze the influence of a magnetic field on the imaginary potential. After considering εmin < ε < εmax,
we compute the imaginary potential from (46), (48) and (49). In the right panel of fig.4, we plot ImV/(
√
λT ) against
DT for b = 0, 1, 2, 3, corresponding to B/T 2 ≃ 0, 19, 60, 349, respectively. From the figures one can see that for each
plot the imaginary potential starts at a DTmin, corresponding to εmin, and ends at a DTmax, corresponding to εmax.
And increasing b, the imaginary potential is generated for smaller distance. Namely, the magnetic field enhances
the imaginary potential. As we know, the dissociation properties of quarkonia should be sensitive to the imaginary
potential, and if the onset of the imaginary potential happens for smaller DT , the suppression will be stronger
[20]. On the other hand, a larger imaginary potential corresponds to smaller thermal width [17–19]. Therefore, one
concludes that the presence of the magnetic field tends to enhance the imaginary potential thus decreasing the thermal
width. One step further, the magnetic field may make the suppression stronger. Intriguingly, it was argued [31] that
the magnetic field has the effect of increasing the heavy quark potential thus decreasing the dissociation length, in
agreement with the findings here.
B. Parallel to the magnetic field (θ = 0)
Next, we discuss the QQ¯ axis parallel to the magnetic field in the z direction. The coordinates are parameterized
as
t = τ, x = 0, y = 0, z = σ, r = r(σ), (51)
where the quark and anti-quark are located at z = −D2 and z = D2 , respectively.
The next analysis is similar to the previous subsection, so we just show the final results. The inter-distance is
D = 2
∫ ∞
r∗
dr
√
A(r∗)
A2(r) −A(r)A(r∗) . (52)
with
A(r) = H(r)e2K(r), A(r∗) = H(r∗)e
2K(r∗). (53)
The imaginary potential is
ImVQQ¯ = −
1
2
√
2α′
[
A′∗
2A′′∗
− A∗
A′∗
], (54)
with
A′∗ = e
2K∗(H ′∗ + 2H∗K
′
∗), (55)
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FIG. 5: Left: DT versus ε for θ = 0. From top to bottom b = 0, 1, 2, 3, respectively. Right: ImV/(
√
λT ) versus DT for θ = 0.
From right to left b = 0, 1, 2, 3, respectively.
A′′∗ = e
2K∗(H ′′∗ + 4H
′
∗K
′
∗ + 4H∗K
′
∗K
′
∗ + 2H∗K
′′
∗ ). (56)
To study the effect of a magnetic field on the imaginary potential for the parallel case, we plot DT versus ε and
ImV/(
√
λT ) versusDT in fig.5. From these figures, one can see that the behavior is very similar to the transverse case:
the presence of the magnetic field decreases the inter-distance and enhances the imaginary potential. In addition, by
comparing fig.4 and fig.5, one can see that the magnetic field has a stronger effect for the transverse case rather than
parallel. Interestingly, a similar observation has been found in [31] which argues that the magnetic field has stronger
effect on the heavy quark potential for the perpendicular configuration.
V. CONCLUSION AND DISCUSSION
In this paper, we studied the effect of a constant magnetic on the imaginary potential of quarkonia in strongly-
coupled N = 4 SYM plasma. We considered the pair axis to be aligned perpendicularly and parallel to the magnetic
field, in turn. In both cases, it is shown that the inclusion of the magnetic field enhances the imaginary potential
thus decreasing the the thermal width. Also, the magnetic field has a stronger effect for the perpendicular case rather
than parallel.
However, it should be noted that the magnetized plasma considered here is different from the real QGP, mainly
due to the lack of a dynamical breaking of conformal symmetry. It would be interesting to investigate modifications
of the holographic setup addressed here and consider the systems that are not conformal. We leave this for further
study.
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